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Abstract. We prove a graded version of Alev-Polo's rigidity theorem: the 
homogenization of the universal enveloping algebra of a semisimple Lie algebra 
and the Rees ring of the Weyl algebras An{k) cannot be isomorphic to their 
fixed subring under any finite group action. We also show the same result for 
other classes of graded regular algebras including the Sklyanin algebras. 



0. Introduction 

The invariant theory of • • • , x„] is a rich subject whose study has motivated 
many developments in commutative algebra and algebraic geometry. One important 
result is the Shephard-Todd-Chevalley Theorem [Theorem 1 1.1] that gives necessary 
and sufficient conditions for the fixed subring fc[xi, - • • ,Xn]'^ under a finite sub- 
group G of GLn{k) to be a polynomial ring. The study of the invariant theory 
of noncommutative algebras is not understood well, and it is reasonable to begin 
with the study of finite groups acting on rings that are seen as generalizations of 
polynomial rings. 

We will show that in contrast to the commutative case, a noncommutative regular 
algebra A is often rigid, meaning that A is not isomorphic to any fixed subring A'^ 
under a non-trivial group of automorphisms G of A. A typical result is the Alev- 
Polo rigidity theorem that shows that both the universal enveloping algebra of a 
semisimple Lie algebra and the Weyl algebras are rigid algebras. 



Theorem 0.1 (Alev-Polo rigidity theorem |AP| ) . 

(a) Let g and g' be two semisimple Lie algebras. Let G be a finite group of 
algebra automorphisms ofU{g) such that [/(g)*^ ^ U{g'). Then G is trivial 
and = 0'. 

(b) If G is a finite group of algebra automorphisms of j4„(fc) then the fixed 
subring A„(fc)'^ is isomorphic to A„(fc) only when G is trivial. 

The main goal of this paper is to investigate a similar question for graded alge- 
bras. As one example, in Section [6] we prove the following graded version of the 
Alev-Polo rigidity theorem. Let H{q) denote the homogenization of the universal 
enveloping algebra of a finite dimensional Lie algebra g (the definition is given in 
Section [6|) . 

Theorem 0.2. (a) Let q and g' be Lie algebras with no 1-dimensional Lie ideal. 
Let G be a finite group of graded algebra automorphisms of H{g) such that 
H{g)'^ = H{g') (as ungraded algebras). Then G is trivial and = 0'. 
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(b) Let A be the Rees ring of the Weyl algebra An{k) (with respect to the stan- 
dard filtration of An{k)). Then A is not isomorphic to A'^ (as ungraded 
algebras) for any finite non-trivial group of graded automorphisms. 

Artin-Schelter regular algebras [Definition 11.5] are a class of graded algebras 
that are generalizations of polynomial algebras, and they have been used in many 
areas of mathematics and physics. One can ask whether an Artin-Schelter regular 
algebra A can be isomorphic to a fixed subring A'~^ when G is a non-trivial finite 
group of graded algebra automorphisms of A. One could consider fixed rings under 
ungraded automorphisms ( [APj did not restrict itself to filtered automorphisms) 
also, but we leave that problem to others. Although it is easy to construct noncom- 
mutative algebras A and groups of automorphisms G where A^ is isomorphic to A 
[Example II. 2j , it turns out that this happens less often than we expected [Lemma 
I5.2r b)]. and we will provide both some necessary conditions and some sufficient 
conditions for this problem. Our work thus far suggests that a generalization of 
the Shephard-Todd-Chevalley Theorem requires a new notion of reflection group, 
one that depends on the Hilbert series of the Artin-Schelter regular algebra A (for 
the conditions used in the commutative case turn out to be neither necessary nor 
sufficient [Example 1 2. 3| ). In this paper we focus on Artin-Schelter regular algebras 
that have the same Hilbert series as commutative polynomial rings. We call A 
a quantum polynomial ring [of dimension n) if it is a noetherian, graded, Artin- 
Schelter regular domain of global dimension n, with Hilbert series (1 — i)^". Skew 
polynomial rings, H{g), the Rees rings of the Weyl algebras, and Sklyanin algebras 
are all quantum polynomial rings. One of our results is the following. 

Theorem 0.3 (Theorem 16. 2p . Let A be a quantum polynomial ring. Suppose that 
there is no nonzero element b G Ai such that b^ is normal in A. Then A is not 
isomorphic to A^ as ungraded algebras for any non-trivial finite group G of graded 
algebra automorphisms. 

If A is viewed as the coordinate ring of a noncommutative affine n-space, then 
Theorem l0.3l can be interpreted as: a "very noncommutative" affine n-space cannot 
be isomorphic to any quotient space of itself under a non-trivial finite group ac- 
tion. If we really understood noncommutative spaces, this might be a simple fact. 
The hypothesis that A has no normal element of the form b^ is easy to check in 
many cases. For example. Theorem 10.31 applies to the non-PI Sklyanin algebras of 
dimension n. 

Corollary 0.4 (CoroUarv 16. 3p . Let S be a non-PI Sklyanin algebra of global di- 
mension n > 3. Then S is not isomorphic to for any non-trivial finite group G 
of graded algebra automorphisms. 

The method of proving Theorems 10. 2r a') and 10.31 is to show that H{q)^ and A^ 
do not have finite global dimension for any non-trivial G. This method applies 
to other algebras such as down-up algebras (see Proposition I6.4p which are not 
quantum polynomial rings. However, if A is the Rees ring of the Weyl algebra 
An{k) then there are groups G of automorphisms of A so that A has a fixed subring 
A'^ that is Artin-Schelter regular, but not isomorphic to A [Example I5.4| . Since 
commutative polynomial rings are the only commutative (Artin-Schelter) regular 
algebras, the situation where A'^ is Artin-Schelter regular, but not isomorphic to 
A, does not arise in the commutative case. Hence this paper deals with a small 
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portion of a more fundamental question: find all noetherian graded Artin-Schelter 
regular algebras A and finite groups G of graded algebra automorphisms of A such 
that A^ has finite global dimension. Given a well-studied quantum polynomial 
ring, it should be possible to find all finite groups G such that A"-^ has finite global 
dimension. Following the commutative case, we call such a group a reflection group. 
For algebras in Theorems I0.2f a) and 10.31 and Corollary 10.41 there is no non-trivial 
reflection group. 

For the simplest noncommutative ring kq[x,y] with relation xy = qyx for a 
nonzero scalar q in the base field fc, all reflection groups for kq[x,y] have been 
worked out completely, and these results motivated our approach to general Artin- 
Schelter regular algebras. However, the project becomes much harder when the 
global dimension of the algebra A is higher, and less is known about large dimension 
Artin-Schelter regular algebras. 

Some ideas in the classical Shephard-Todd-Chevalley theorem for the commu- 
tative polynomial ring can be extended to the noncommutative case. Let A be a 
quantum polynomial ring, and let g be a graded algebra automorphism of A. Then 
g is called a quasi-reflection of a quantum polynomial ring of dimension n if its 
trace is of the form ^ 

for some scalar £, 1- We classify all possible quasi-reflections of quantum polyno- 
mial rings in Theorem 13.11 which states that, with only one interesting exception, 
the quasi-reflections of a quantum polynomial ring are reflections of the generat- 
ing space Ai of A. The notion of quasi-reflection is extended to Artin-Schelter 
regular algebras, and we prove that for any Artin-Schelter regular algebra A, if 
A'^ has finite global dimension, then G must contain a quasi-reflection [Theorem 
12. 4| . Therefore Theorems I0.2r a) and 10.31 follow by verifying that H{q) in Theo- 
rem [nSfa) and A in Theorem 10. 31 do not have any quasi-reflections. More work is 
required in analyzing the fixed ring of the Rees algebras of the Weyl algebras, as 
they have quasi-reflections and Artin-Schelter regular flxed rings [Proposition 16.71 
and Corollarv l6.8j . 

As a secondary result we formulate a partial version of Shephard-Todd-Chevalley 
theorem for noncommutative Artin-Schelter regular algebras. 

Theorem 0.5 (Theorem 15. 3p . Let A be a quantum polynomial ring and let g be a 
graded algebra automorphism of A of order for some prime p and some natural 
number m. Then A^ has finite global dimension if and only if g is a quasi-reflection. 

We conjecture that a full version of Shephard-Todd-Chevalley theorem for non- 
commutative Artin-Schelter regular algebras holds. Some further study about re- 
flection groups and a noncommutative version of Shephard-Todd-Chevalley theorem 
will be reported in |KKZ1| . 

1. General preparations 

In this section we review some background and collect some deflnitions that we 
will use in later sections. 

Throughout let fc be a commutative base field of characteristic zero. We assume 
that k is algebraically closed for the convenience of our computation, but this 
assumption is not necessary for most of the results. All vector spaces, algebras and 
rings are over k. The opposite ring of an algebra A is denoted by A°p. 
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Let y be a finite dimensional vector space over k and let g be a linear trans- 
formation of V. We call g a reflection of V if dimV^ > dimV^ — 1, where is 
the g-invariant subspace of V . Such a 5 is also called a pseudo-reflection by many 
authors [Bel p. 24]. We have dropped the prefix "pseudo" because we will introduce 
several different kinds of reflections in this paper. Let k[V] denote the symmetric 
algebra on y - the polynomial ring in n commuting variables where n — dim V. 
The famous Shephard-Todd-Chevalley theorem gives necessary and sufficient con- 
ditions for the fixed ring of a polynomial ring to be a polynomial ring (see |Be[ 
Theorem 7.2.1]). 

Theorem 1.1 (Shephard-Todd-Chevalley theorem). Suppose G is a finite group 
acting faithfully on a finite dimensional vector space V . Then the fixed subring 
k[V]'~^ is isomorphic to k[V] if and only if G is generated by reflections of V . 

A finite group G C GL{V) is called a reflection group oi V if G is generated 
by reflections. When the base field is M, a reflection group is also called a Coxeter 
group. Classifications of reflection groups over different fields are given in [Co) IShT| 
ICE] , 

There are noncommutative algebras that are not rigid, i.e. have fixed subrings 
isomorphic to themselves. In fact, one can construct an algebra A and a group G 
of automorphisms of A so that A'^ is isomorphic to A using any ring R and any 
graded automorphism a of R with finite order using a skew polynomial extension 
in the following way. 

Example 1.2. If R is an algebra with an automorphism a of order n, so that 
(t"+^ — a, then if we let ^ be an {n + l)-st root of unity and extend a to the 
skew polynomial extension A — R[z; a] hy g\j^ = Idn and g{z) = ^z, then the fixed 
subring A^ = R[z"+'^; a"+^] = A for G =< 5 >. We note that if R is Artin-Schelter 
regular (defined below) then so is A. 

On the other hand, Alev-Polo's result [Theorem lO.lj and results in [SmllEPllJo] 
suggest that it is rare that a noncommutative ring A is isomorphic to a fixed subring 
A^ for a finite group G. The motivation for this paper is the following question. 

Question 1.3. Under what conditions on the algebra A and the group G, is A 
isomorphic to A^7 

Our focus is on graded algebras and graded automorphisms since some combina- 
torial structures of graded rings and their fixed subrings can be used to study this 
problem. It follows from the Shephard-Todd-Chevalley theorem that the commu- 
tative graded polynomial ring k[V] can be isomorphic to its fixed subrings. Hence 
it is expected that some version of Shephard-Todd-Chevalley theorem will hold for 
"somewhat commutative" polynomial rings. We will present some examples that 
illustrate this idea [Examples 14. 4[ 15.41 and 16.6] . 

In the rest of this section we review some properties of the Hilbert series of an 
algebra, the trace of an automorphism, and Artin-Schelter regular algebras, as well 
as some techniques from invariant theory that will be used in this paper. 

Throughout let A be a connected graded algebra, namely, 
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where each Ai is finite dimensional and AiAj C Ai-^-j for all The Hilbert series 
of A is defined to be the formal power series 

HAit) = ^dimA, f e Z[[t]]. 

i>0 

The Hilbert series of a graded ^-module is defined similarly. Let Autgr(A) be the 
group of graded algebra automorphisms of A. For every g G Autgr(^), the trace of 
g |JiZ| is defined to be 

TrA{g,t) = J2tri9U)t'&m]- 

It is obvious that TrA{IdA,t) = HA{t), and the converse is clearly true for g of 
finite order when charfc = 0. In the next section we will define our generalization 
of the notion of a "reflection" in terms of the trace of the automorphism. 

If 5 has finite order then TrA{g,t) is in Q(Cn)[[i]] where Q(Cn) is the cyclotomic 
field generated by primitive n-th root of unity, (n = e^^'/" . For each integer p such 
that {p,n) = 1, there is an automorphism of Q(Cn)/Q determined by 

and the Galois group G((Q(Cn)/Q) is generated by the Sp. One can easily extend Sp 
to an algebra automorphism of Q(Cn)[M]/Q[M] by applying Sp to the coefficients. 

Lemma 1.4. Let g be a graded automorphism of A of order n. Then, for every 
p coprime to n, TrA{gP,t) = Rp{TrAig,t)). In particular, if g (z Autgr(A) is of 
finite order, then TrA{g~^,t) = TrA{g,t), where for computational purposes we 
assume fc C C and f is the series whose coefficients are complex conjugates of the 
coefficients of f. 

Proof. We only need to show that tr{gP\Ai) = '^pitfig\Ai)) for all i. Since g has 
order n, it is diagonalizable. Let {bi, ■ ■ ■ , bq} he a, basis of Ai such that 

gibt) = CTbt 

for some integer Wt, for all < = ,q. For every p coprime to n, Sp is an 

automorphism and 

g^{bt)^Crbt^^p{Obt. 
Hence ^^(5^^.) = Sp(tr(5|^J). The second part follows since for a root of unity 

We will use this lemma when TrA{g, t) is a rational function, viewed as an infinite 
power series. 

The Gelfand-Kirillov dimension of an algebra A is denoted by GKdimyl; it is 
related to the rate of growth of the graded pieces An of A (see |KL] ). The commu- 
tative polynomial ring k[xi, • • • , a;„] has GKdim — n. The Gelfand-Kirillov dimen- 
sion of an yl- module is defined similarly. Let Ext 4 (M, N) be the usual Ext-group 
of graded A-modules M and N with Z-grading as defined in \AZ\ p. 240]. 

Definition 1.5. A connected graded algebra A is called Artin-Schelter Gorenstein 
if the following conditions hold: 

(a) A has graded injective dimension d < 00 on the left and on the right, 

(b) Ext^(fc, A) = Ejrt^op {k, A) = for aU i ^ d, and 

(c) Ext A (k. A) Ext AO J k, A) = k{l) for some I. 
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If in addition, 

(d) A has finite (graded) global dimension, and 

(e) A has finite Gelfand-Kirillov dimension, 

then A is called Artin-Schelter regular (or regular for short) of dimension d. 

Note that polynomial rings k[xi,X2, ■ ■ ■ ,Xn] for n > 0, with degXi > 0, are 
Artin-Schelter regular of dimension n, and these are the only commutative Artin- 
Schelter regular algebras, so Artin-Schelter regular algebras are natural generaliza- 
tions of commutative polynomial rings. 

For (Artin-Schelter) regular algebras we can say more about the trace of an 
automorphism. 

Lemma 1.6. Let A be regular and let g e Autgr(^). 

(a) [JiZ|, Theorem 2.3(4)] TrA{g,t) is equal to \/eg{t), where eg{t) is a polyno- 
mial in k[t] with eg(0) = 1. We call eg(t) the Euler polynomial of g. 

(b) [StZl Proposition 3.1(3)] HA{t) = l/e(i) where e{t) is an integral polyno- 
mial. The polynomial e{t) is called the Euler polynomial of A. Furthermore 
e{t) is a product of cyclotomic polynomials. 

(c) PtZ| CoroUary 2.2] The multiplicity o/t = 1 as a root of the Euler polyno- 
mial of A is the GKdimv4. 

(d) [JiZ( Theorem 3.1] The polynomials e{t) and eg{t) have the same degree. 

(e) Suppose g has finite order and TrA(g,t) = eg(t)~^ . Then the zeroes of the 
polynomial Cg (t) are all roots of unity. 

Proof. Only the second assertion in (b) and (e) are new. 

(b) By }StZi Corollary 2.2], all the zeroes of the polynomial e{t) appearing in 
Lemma [1.6r b) are roots of unity. Since e{t) € Z[i], therefore e{t) is a product of 
cyclotomic polynomials. 

(e) Let n be the order of g. Let p be any integer < p < n coprime to n. By 
Lemma [rH TrAig^.t) = Ep{TrAig,t)). Let Cpit) = {TrA{g^,t))-^ for all p. By 
[JiZl Proposition 3.3], every zero of ep{t) has absolute value 1. Now let 

/(<)= n ^^pW= n 2,(rr^(g,t))-i 

{p,n) = l {p,ri) = l 

where the notation (p, n) — 1 means the set of integers p such that < p < n 
and that p is coprime to n. Since all coefficients of 'E.p[Tr A{g ,t))~^ are in Z[C„], 
f{t) e Z(C„)M. By the definition of /(t), Ep{f{t)) = f{t). Since the coeffi- 
cients of f{t) are fixed by all elements of the Galois group G{Q{(n) /Q) therefore 
f{t) e Q[t] n Z[C„][i] = Z[t]. Since every zero of f{t) is an algebraic integer with 
it and all its conjugates of absolute value 1, it follows from |Mol Corollary 2.38, 
p. 90] that every zero of e{t) (and hence of ep{t)) is a root of unity. □ 

Next we consider the multiplicity of t = 1 as a root of the Euler polynomial 
of a finite graded automorphism 5 of a regular domain A. We show that this 
multiplicity is bounded by the GKdim A, and can be equal to GKdim A only when 
g is the identity automorphism. 

Lemma 1.7. Let A be a connected graded finitely generated algebra, and let M be 
a graded finitely generated right A-module of GKdimM = n. Let g be a graded 
vector space automorphism of M that has finite order and TrM(g,t) = p{t)/q{t), 
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where the roots of q{t) are roots of unity. Then the multiplicity of 1 as a root of 
q{t) is < n. 

Proof. Assume to the contrary that the multiplicity of 1 as a root of q{t) is > n+1. 
Let H]\j{t) = J2 ^it^ be the Hilbert series of M, and let TrM{g, t) = J2 be the 
trace function of g on M. We note that \mi\ < hi for all i since g has finite order so 
that the eigenvalues of g are roots of unity. As in the proof of [ATV2|, Proposition 
2.21], let p be the highest order of any pole of TrM{g,t), and express all roots of 
q{t) as powers of a primitive A^th root of unity C- We have 

TrMig,t) = Y^-^ + fit) 



where s = 0, . . . , N, j — 1, . . . ,p, and for sufficiently large i we have 



— / Cs pC** 7 rr + terms of lower degree in i, 

and the coefficients cycle through A^ polynomials. Not all the Cs^p are zero, so the 
leading coefhcients ^ c^^pC^* are not all zero. Hence there is a subsequence ruig+Ni 
with \mig+Ni\ > K{Ni)P~^ for all i > 1, for some constant K. Since hi > \mi\ for 
all i, 

for some K', K" > 0. Since A is a finitely generated algebra and M is a finitely 
generated A-module, GKdim M > p. This contradicts to the fact that GKdim M = 
n and p > n -\- I. □ 

Proposition 1.8. Let A be a regular domain. If g ^ Autgi (A) has finite order, 
and if its Euler polynomial has t = I as a root of multiplicity equal to the GKdim A, 
then g is the identity. 

Proof. Suppose that the Euler polynomial of g has t = 1 a root of multiplicity equal 
to GKdim A, but that g is not the identity. Then g has an eigenvalue A ^ 1 and an 
element x E A with g(x) = \x. Let M = AjxA and let g be the induced graded 
vector space automorphism of M . Then 

Truig.i) - (l-A^)Tr^(g,t), 

and the order of the pole of TrM{g,t) at i = 1 is equal to the order of the pole 
of TrA{g,t) at t = 1, which is by assumption the GKdim A. But GKdim A > 
GKdim M by [MR[ Proposition 8.3.5], contradicting Lemma [TTtI □ 

Associated to a graded automorphism g of an Artin-Schelter Gorenstein algebra 
A is a constant hdet^t; defined by J0rgensen-Zhang IJoZ| . and the map hdet^ : 
Autgr(A) defines a group homomorphism. It follows from [JoZi Lemma 2.6 

and Theorem 4.2] that when A is a regular algebra then the hdet g can be computed 
from the trace of g: since TrAig,t) is a rational function in t it can be written as 
a Laurent series in t~^, and we can write 

(1.8.1) TvAig, t) ^ {Met gy^t^'' + lower degree terms, 
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where d and / are as in Definition ILSf d). By |JoZ| Theorem 3.3] if G is a finite 
group of graded automorphisms acting on an Artin-Schelter Gorenstein ring A, and 
if the homological determinant of g satisfies hdet g = 1 for all g & G, then the fixed 
subring is Artin-Schelter Gorenstein. 

Let e{t) = a„i" + a„_ii"~^ + • ■ ■ ait + ag be an integral polynomial with ag = 1. 
We say e(t) is a palindrome polynomial if a„_i = for all i and a skew palindrome 
polynomial if a„_i = —ai for all i. If e{t) is a skew palindrome polynomial, then 
e(l) = 0. Any polynomial which is a product of cyclotomic polynomials is either a 
palindrome or a skew palindrome polynomial. 

Lemma 1.9. Let e{t) be a palindrome polynomial of degree n. Then e'(l) = 
ne[l)/2, where e'{t) is the derivative of e[t). 

Proof. First we suppose n is odd and let m = {n — l)/2. Since a„_i = ai for all j, 

n m 

Then 



e(l) = ^a,(l + l) = 2^a, 

i=0 i=0 

and 

m mm 

e'(l) = a,(^r-' + {n - = n a, = | 2 ^ a, = | e(l). 

If ri is even, let f{t) — e(t)(l +t). Then /(t) is a palindrome polynomial of even 
degree. By the above proof, the assertion holds for f{t). Using f{t) = e{t){l + t) 
we see that 

e'(l)2 + = /'(I) = ^ /(I) = (n + l)e(l), 

which implies that e'(l) = rie(l)/2. □ 

The following two lemmas are well-known. We say a subring _B of A is cofinite 
if Ab and bA arc finite _B-modules. 

Lemma 1.10. Suppose A is a graded algebra of finite global dimension and B is a 
graded subring of A. 

(a) // bA is free, then B has finite global dimension. If bA is finitely generated, 
then gldim A = gidim B . 

(b) // gldim i? — gldim A and bA is finitely generated, then bA is free. 

(c) Suppose B is a cofinite .subring of A with gldim B < oo. If A = B ® C as 
B-bimodule, then A is regular if and only if B is. 

(d) If A is noetherian and regular and B is a factor ring of A with finite global 
dimension, then B is regular. 

(e) If degy — 1, then A is noetherian and regular if and only if A/{y) is. 

Here is a list of well-known facts about fixed subrings. 

Lemma 1.11. Let A be a noetherian connected graded algebra and let G be a finite 
subgroup o/Autgr(A). 

(a) [Monll Corollaries 1.12 and 5.9] A'^ is noetherian and A is finite over A^ 
on the left and on the right. As a consequence, GKdimA = GKdimA*^. 
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(b) [Monll Corollary 1.12] A ^ ® C as A^ -bimodule. 

(c) (Molien's theorem) [JiZ|, Lemma 5.2] 

' ' geG 

(d) Suppose A and A'~^ are both regular, then gldim A = gldim A'^ and A is free 
over A'~^ on both sides. 

Proof, (d) For any noetherian regular algebra A of global dimension d, we have 
cd(A) = d-l ^AZ; Theorem 8.1(4)], where 

cd{A) = cd(Proj A) = max{i ] Hj>,„j^(A) ^ 0} 

(see [AZl P-272 and p.276] for the definitions). By [AZl Corollary 8.4(1)], cd{A) < 
cd{A'^). Since A = A*^ ® C as A<^-bimodule (see part (b)), 

cd(A)=max{zlH^,,j^(^)^0} 

= max{i 1 H^,„j^(A^ e C) 7^ 0} 

= max{i 1 Hp^„j AG {A^ ® C) ^ 0} [AZ, Theorem 8.3(3)] 

>max{*lHj.,,j^o(A«)^0} 

= cd(A'^). 

Therefore cd{A) = cd(A'^) and 

gldim A cd(A) + 1 = cd{A'^) + 1 = gldim A*^. 

The rest follows from Lemma Fl-lOf b). □ 

Definition 1.12. Let A be a connected graded algebra. If A is a noetherian, 
regular graded domain of global dimension n and HA{t) = (1 — i)^", then we call 
A a quantum polynomial ring of dimension n. 

By |Sm21 Theorem 5.11], a quantum polynomial ring is Koszul and hence it is 
generated in degree 1. The GK-dimension of a quantum polynomial ring of global 
dimension n is n. In general if A is finitely generated and HA{t) ~ ((1 — t)"p{t))~^ 
for some polynomial p(t) with p(l) ^ 0, then the GK-dimension of A is equal to n. 
A quantum polynomial ring of dimension 2 is isomorphic to either: 

(i) kq\x,y\ := k{x,y) / {xy — qyx) for some 7^ q e fc, or 

(ii) kj[x, y] := k{x, y) / {xy ~ yx ~ x'^). 

Quantum polynomial rings of dimension 3 were classified in [AScl lATVl] . There 
are many examples of quantum polynomial rings of higher dimensions, but their 
classification has not been completed yet. 

2. QUASI-REFLECTIONS 

The Shephard-Todd-Chevalley theorem suggests that if a fixed subring A^ of 
a regular algebra A is still regular, then G is some kind of a reflection group. In 
the commutative case the reflection is defined on the generating space of k[V]. 
In the noncommutative case, this becomes a complicated issue as many examples 
indicate. The following easy fact (see [JiZl (1-1)]) suggests one possible definition 
of reflection. 
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Lemma 2.1. Let V be a vector space of dimension n. Let g he a linear transfor- 
mation of V of finite order, extending to an algebra automorphism of A :~ k[V]. 
Then g is a reflection of V if and only if there is ^ G fc with 

By Lemma 11.71 and Proposition 11.81 we have seen that if g 7^ 1 is a finite order 
graded automorphism of a regular algebra A, then the order of the pole at i = 1 in 
TrA{g,t) must be strictly less than the order of the pole at t = 1 in HA{t), which 
is the GKdim A. We will call those graded automorphisms whose trace has a pole 
at t = 1 of order GKdim ^ — 1 quasi-reflections. 

Definition 2.2. Let A be a regular graded algebra such that 

1 



HA{t) = 



(1 - ty^p{t) 

where p{l) 7^ 0. Let 5 be a graded algebra automorphism of A. We say that 5 is a 
quasi-reflection of A if 

for q{l) 7^ 0. If ^ is a quantum polynomial ring, then HA{t) = (1 — t)^". In this 
case g is a quasi-reflection if and only if 

TrA{g,t) 



(l-i)"-i(l-e<) 

for some £, 1- (Note that we have chosen not to call the identity map a quasi- 
reflection). 

The next example shows that if we use the definition of a "reflection" from 
the commutative case then the condition that G is generated by "reflections" is 
neither necessary nor sufRcient for the fixed subring of a noncommutativc quantum 
polynomial ring to be regular. 

Example 2.3. Let A be the regular algebra k{x,y) / {x^ — y"^). This is a quantum 
polynomial ring and is isomorphic to /c_i[6i, 62]- 

(a) Let h be the automorphism of A determined by 

h{x) — —X, and h{y) — y. 

Hence /i is a reflection of the generating space Ai kx(Bky. Since A has a fc-linear 
basis 

(2.3.1) {{yx)Y \i,j> 0}U{x{yx)W \^,J> 0}, 

we can compute the trace easily: 

TrA{h,t) = ^, TrAiLd,t) = j^^. 

By definition, h is not a quasi-reflection. Furthermore, the flxed subring A^ is not 
regular because its Hilbert series is 

HA^t) - liTrAih,t)^TrA(Id,T)) ^ ^.'^.^l^.'^ ^ 
However, by |JoZ| Theorem 6.4 or Theorem 3.3], A^ is Artin-Schelter Gorenstein. 
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To summarize, there is an automorphism h of A with order 2 such that is a 
reflection, but h is not a quasi-reflection and the fixed subring A'' has infinite global 
dimension. Consequently, ^ A. If we believe that a reflection of A should give 
rise to a regular fixed subring as in the Shephard-Todd-Chevalley theorem, then we 
should not think of /i as a reflection of A. 

(b) Let g be the automorphism of A determined by 

g{x) = ix, and g{y) = -iy. 

Hence g\Ai is not a reflection (and neither is g^l^J. Using the fc-linear basis in 
(2.3.1), we can compute the trace easily: 

TrAig,t)^Trig',t) = ^^, Tr^(g2^ ^ TrA(/rf, t) ^ 

So (7 is a quasi-refiection, but g^ is not. 

Using the fc-linear basis above again, one can check that A^ = k[xy, yx] = k[t, s]. 
Hence A^ is regular (although not isomorphic to A). But A^ is not regular by a 
Hilbert series computation. 

To summarize, there is a quasi-reflection g such that g\Ai is not a reflection. 
Since the fixed subring A^ is regular, we should think g as a refiection. On the 
other hand, the automorphism g^ is not a quasi-refiection and A^ is not regular. 
So we should not think g^ as a refiection. This phenomenon is very quite different 
from the commutative case (where the square of a refiection is a reflection) , and it 
conflicts with our intuition. 

Next we prove some general results relating quasi-reficctions to the regularity of 
the fixed rings. The theorem below justifies our definition of quasi-reflection. 

Theorem 2.4. Let A be noetherian and regular. Let G be a finite subgroup of 
Autgr(A). If A^ has finite global dimension, then G contains a quasi-reflection. 

Proof. We show that the assumption that G does not contain a quasi-reflection 
leads to a contradiction. 

Since A is regular, the Hilbert series of A is 

HA{t) ^ 



(1 - t)"p{t) 



with p{l) 7^ 0, where n = GKdim A. 

By Lemma ll.llf a). A'~^ is noetherian and A is flnite over A*^ on the left and 
the right, and GKdimA = CKdimA*^. Since A'~^ has finite global dimension, the 
Hilbert series of A*^ is of the form 

HAo{t) = ^= ^ 



e(t) il-ty-q{t)- 

By Lemma ri.lir d). A is free finite over A'^. Hence HA{t) ~ f{t)HAG{t) for some 
polynomial f{t) with non-negative integer coefficients. Clearly q(t) =p(t)f(t). Let 
m = degp(t) and n = degq{t). Then n — m = degf{t) > 0. 
Expanding HA{t) into a Laurent series about t = I we have 

^^(^) = ^ + (TT^ m^'" 
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Similarly, 



Hao it) = ^ + j^^^ ^ + • • • ^^Sh- degree terms. 



From Molien's theorem [Lemma [LTT{c)], we have that 

1 ^ 

\G\ 



see 

If we expand this expression into a Laurent series around t = I, since G does not 
contain any quasi-reflections, by Lemma [TTfl and Proposition I LSI the Laurent series 
of Tr{g,t) has lowest possible degree term (1 — t)~^'^^^\ Hence the first terms of 
the sum come entirely from the trace of the identity TrA{IdA, t) = HA(t). Hence 

\G\ L(l-i)" p{l) ^ p2(l) 
Equating coefficients in the two expressions for H^g (t) we have that 

g(l) = |Gb(l), and — 

Since p(t) and q(t) are products of cyclotomic polynomials, they are palindrome 
polynomials. By Lemma [L9l 

2p'{l) = mp(l), and 2q'(l) = nq{l). 

Hence we have 

q'(l) n ITT- ITT- 

— and — — 



iq{l)r 2g(l) |G|(p(l))2 2|G|(p(l)) 2qiiy 

and so 



2g(l) 2g(l) 

gives n = m, a contradiction. □ 

The number of quasi-refiections in G can also be computed. 

Theorem 2.5. Suppose A is a quantum polynomial ring, and let G be a finite 
subgroup o/ Autgr(v4). Denote the number of quasi-reflections in G by r. 

(a) If Hag {t) is expanded into a Laurent series around t = I, then the coefficient 
of (1 - is given by r/2\G\. 

(b) Suppose A'^ is regular and HAG{t) = ((1 — t)"g(t))^^. Then q{l) = \G\ and 
r = degg(t). 

Proof, (a) Let 51, ■ • • ,gr be the quasi-refiections (that are not the identity) in G, 
and let /ii, • • • ,hs be the non-identity elements of G that are not quasi-refiections. 
By Lemma [L6l for all g E G, TrA{g, t) ~ l/eg{t) where eg{t) has degree n. Suppose 
now g is a quasi-rcflection. Then 

^"■^^^'^^^ (l-t)"-i(l-At) 
where A 7^ 1 e fc. By Lemma ll.Gf d). A is a root of unity. Thus the Laurent 
expansion of TrA{g, t) around t = 1 is given by 

T^^i9. t) = (^^^ + (1 - 0«i + •••]• 
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By Lemma 11.41 the Laurent expansion of TrA{g ^,t) is given by 



1 r 1 



TrA{9-\t) = TrAig, t) = j^—^ [j^^ + {1 - t)aT + ■ ■ ■]. 

In particular, is again a quasi-reflection. This also shows that if g has order 2, 
then 



Note that 



1 1 1-A + l- A 1-A + 1- A__^ 



TrAiK t) = ,^ (CO + ci(l - i) + • • • )• 



1-A 1-A (1-A)(1-A) 1-A-A + AA 

since AA = 1. Now let /i be a non-identity element in G that is not a quasi-reflection. 
Then the Laurent expansion of its trace is of the form 

1 

(1 ~y 

By Molicn's theorem [Lemma [TTTlJc)] we have 

We see that the only contributions to the coefficient of ^^_\y-^ come from the 
^Y^i^i TrA{gi,t) term. By grouping each gi with its inverse, we see that the coeffi- 
cient is exactly r/2\G\. (b) Expanding HAo{t) around i = 1, we have 

1 1 1 9'(1) , 



(2.5.2) HAG{t) 



(1 - ty q{l) (1 - q'il) 



Comparing the coefficients of 1/(1 - t)" and 1/(1 - t^-^ in ((23T|) and ([233), we 
see that 

' - ' and ^ - ^'(1) 



|G| q{iy 2\G\ q^iiy 

Combining with Lemma 1 1.91 we obtain r = degg(t). □ 

The following lemma will be used in the next section. 

Lemma 2.6. ^JiZi Theorem 2.3.2] Let A be a noetherian regular algebra and let g 
be a graded algebra automorphism of A. Suppose B is a factor ring of A such that 
g induces an algebra automorphism g' of B. Then TrB{g',t) ~ p{t)TrA{g,t) where 
p{t) is a polynomial oft with p{0) ~ 1. 

3. QUASI-REFLECTIONS OF QUANTUM POLYNOMIAL RINGS 

In this section we will classify all possible quasi-reflections of a quantum poly- 
nomial ring. The proof of the following main result requires several lemmas. 

Theorem 3.1. Let A be a quantum polynomial ring of global dimension n. If 
g e Autgi (A) is a quasi-reflection of finite order, then g is in one of the following 
two cases: 

(a) There is a basis of Ai, say {bi, • • • , such that g{bj) = bj for all j > 2 
and g{bi) = S,bi. Namely, g\Ai is a reflection. 
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(b) The order of g is A and there is a basis of Ai, say {61, • • • ,bn}, such that 
g{bj) = bj for all j > 3 and g{bi) — i bi and 5(62) ~ -^i (where i^ = —1 ). 

We start with a lemma about sums of roots of unity. 

Lemma 3.2. Every solution of the following system 

(3.2.1) n — Xl + X2 + ■ ■ ■ + Xn+2 

with each Xi being a root of unity, but not 1, is in one of the following cases: 

(a) n — Q, Xl — ^ and X2 — where ^ is a root of 1, which is not ±1. 

(b) n — 2, Xl — X2 — C,Q and X3 = 14 = C,^ and all possible permutations. 

Proof. First we claim that Xi cannot be —1. If = — 1, say Xn+2 = —1, the 
equation becomes 

n = Xl + ■ ■ ■ + Xn+l — 1 

or 

n + I = Xl + ■ ■ ■ + Xn+l. 

Since every Xi is a root of 1 , but not 1 , the real part of each Xj is strictly less than 
1, and there is no solution to the above equation. Thus we proved our claim that 
Xi ^ —1 for all i. 

Let Wi be the order of xi and let w be the gcd of the Wi. Since x.^ 7^ — 1, m; > 3. 
The Galois group of Q(Cui) over Q is (Z/wZ)*. For every p coprime to w, let Sp 
denote the automorphism determined by Sp(^) = Q'p,. Let S denote the group 
{Sp I (p, = 1} = [l/wiy . The order of S is (t){w). Recall that 

El (—1)* if ui is a product of t distinct primes 
U if w IS not square-free 

{p,w) = l \ ^ 

where the notation (p, w) = \ means the set of integers p such that < p < 
w and that p is coprime to w (see }HW1 (16.6.4), p. 239]). Let ^[xi] denote 
X](p w)=i ^pi^i)- Since E.[xi] is stable under S-action, it contains (j){w) / (j){wi) copies 
of each w^-th primitive root of unity. Thus we have 

{p.Wi} — l 



Applying ^ to equation (|3.2.ip we obtain that 

(j)(w) 



f^i Hwi) 



Hence 



n — / 



n+2 n+2 , , 



^ (l)(wi) ^ (/)(wi) 



n+2 I s 

Since the Mobius function \i,{wi) is either 1, 0, or —1, and <f>{wi) is at least 2, the 
largest possible n is 2. So we consider three cases: 
n = 0: If Xl = ^, then a;2 = — ^. This is case (a). 
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n = 1: If /^(wa) < 0, then we have 



This impHes that 



y(i_^ii^)<i 



- - -, and ^(waj^O. 



4>i'Wi) (f){w2) 2' 

The only possibility is wi = W2 = 6. Thus xi = Q, X2 = Ce where i,j G {1, 5}, and 
X3 = £, where the order of ^ is not square-free. As complex numbers, 

xi^-+a—i, and X2 = - + o— i 
where a,b E {1, —1}. Hence 

Vs. ,Vs. 

which is clearly not a root of unity. This yields a contradiction, so fJ^iw^) = 1. By 
symmetry, = m('^2) = 1- By (j3.2.2p . we have 

^ 1 

tt ^^^^) ' 

which has three solutions up to permutation: {0(101), 0(^2), ^(^3)} = {3,3,3}, or 
{2,4,4}, or {2,3,6}. But there is no w such that 4){w) = 3. Hence (/)(wi) = 2 and 
4>{w2) = 0(^3) = 4. Together with /i(iui) = ^(^2) = mC'^s) = Ij we see that 

wi = 6, and u'2 = 103 = 10. 

With these constraints, it is straightforward to show that there is no solution to 
the equation xi -\- X2 + x^ = 1. In conclusion, there is no solution when n = 1. 
n — 2: The equation (|3.2.2[) becomes 

Since 4'{'Wi) > 2, then only solution is 

~ 2 

for all i. Then Wi = Q for all i. Hence 

{xi,X2,X3,Xi} = {(.qXqXIXI} 
up to permutations. This is case (b). □ 
Now we can show a part of Theorem 13.11 



Proposition 3.3. Suppose A is a quantum polynomial ring 0/ global dimension n. 
If g & Autgr(A) is a quasi-reflection of finite order, then g is in one of the following 
cases: 

(a) There is a basis of Ai, {bi, ■ ■ ■ ,bn} such that g{bi) — bi for all i > 2 and 

(b) The order of g is 2m and there is a basis of Ai, {bi,--- ,&«} such that 
g(bi) — bi for all i > 3 and g{bi) — £, bi and 5(62) ~ b2- 
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(c) The order of g is 6 and there is a basis of Ai, {61, • • • , 5„} such that g{bi) ~ 
hi for all i > 4 and g{hi) — ^ hi for i = 1,2 and (7(63) = ^ 63 where ^ — (^e 
orCl 

(d) The order of g is 6 and there is a basis of Ai, {61, • • • , 6„} such that g{bi) = 
bi for all i > 5 and g{bi) — Ce bi for i — 1,2 and g{bj) — Cg bj for j — 3, 4. 

Proof. Note that the Hilbert series of A is Hji{t) = (1 — t)^". By the definition of 
a quasi-reflection, Tryi{g,t) = (1 — — ^t)^^ for some root of unity ^. By 

Proposition [TTHl C 7^ 1- Furthermore using equation p.8.ip we compute ^ = hdet g, 
so the order of 5 is a muhiple of the order of ^. 

Since g has a finite order, there is a basis of Ai, {61, • • • , 6„}, such that g{bi) = 
Xibi for aU j, where every Xi is a root of unity whose order divides the order of g. 

Since the coefficient of the t term in the power series expansion of TrA{g,t) is 
tr{g\Ai), we have 

n 

= (n-l)+e 

CanceUing aU Xi's with Xi — 1, and permuting Xi if necessary, we have 

m 

(3.3.1) = (m-l)+C 

1=1 

where Xi 1 for aU i = 1, • • • , m. If m = 1, this is case (a), and we are done. Now 
assume m > 2. First we assume ^ 7^ — 1. Moving ^ to the left-hand side, equation 
p.3.ip becomes 

m 

y^ Xj - ^ ^ m - 1. 

i=l 

Since m > 2 by Lemma 13.21 there are two possibihties. The first case is Lemma 
13.21 case (b): m — 1 = 2 and — ^ = or — ^ = Cg. By symmetry, we may assume 
— ^ = Cl ^'^d = X2 = C&,xj, = Cg- This is our case (c). 

The second case is m > 2 and ^ = — 1. Then equation (|3.3.ip becomes 

m 

Xi — m — 2. 

i=l 

By Lemma 13.21 there are two cases. Either m — 2, xi — and X2 = which is 
our case (b), or m — 2 = 2, which is our case (d). □ 

In the rest of this section we will eliminate most of cases in Proposition l3.3r b.c.d). 
In some cases we will use the notion of a Z^-graded algebra. We say that i? is a 
connected Z^-graded algebra, if all the generators of R are either in Z+ x Z-" or 
Z-° X Z+. The Hilbert series of a Z^-graded algebra/module M is given by 

HM{t, s) = ^dimM.j fs'. 

The usual techniques for Hilbert series of Z-graded algebras/modules extend to the 
Z^-graded setting. The following lemma is clear. 

Lemma 3.4. Let R be a connected 1? -graded algebra. 

(a) // we use assignment deg(l, 0) — deg(0, 1) = 1 <o make R a "L-graded alge- 
bra, then Hii{t) = Hji{t,t). 
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(b) Suppose that R is noetherian of finite global dimension. Then HA{t,s) = 
(e(t, s))^^ where e{t, s) is an integral polynomial in t, s with e(0, 0) = 1. 

(c) Suppose R is noetherian and has finite global dimension. Let M be a finitely 
generated l?-graded R-module. Then HM{t,s) = p{t, s)Hfi{t, s) for some 
integral polynomial p{t, s). 

Next we assume that A is generated by Ai, which has a basis • • • , 6„}. 

Proposition 3.5. Suppose that a quantum polynomial algebra A is 1? -graded with 
deg bi — (1, 0) for all i = 1, • • • , to and deg bj — (0, 1) for all j = to + 1, • • • ,n. 
Let B and C be graded subalgebras generated by {bi, • • • , bm} and {b„i+i, • • • , 6„} 
respectively. Then 

(a) B^A/{C>i) andC'^A/{B>i). 

(b) Both B and C are quantum polynomial rings. 

(c) If ni = 1, then A is the Ore extension C\bi]a] for some graded algebra 
automorphism a of C . As a consequence, bi is a normal element of A. 

Proof. For any Z^-gradcd module M, define 

M^""" ^{xeM \ degx£Zx 0}. 

Similarly we define M"^^. Note that B = A^^o and C = A"^^. Hence B and C 
are noetherian. In the following proof, we deal only with B. By symmetry, the 
assertions hold for C also. 

(a) There is a natural map i? — > A — > A/{C>i). Clearly this is a surjection. 
For every x G B degx g Z x 0. For every y g {C>i), degy S Z x Z+. Hence 
B n (C>i) = and the map B ^ A/ (C>i) is injective. 

(b) First we prove that B has finite global dimension. Take a graded free reso- 
lution of the trivial A- module k: 

(3.5.1) 0^ Pn ^ ■■■Pi ^ A^ k ^0 

where each Pi is a direct sum of A[—v,—w] for some v.,w > 0. Then we have a 
resolution of _B-modules: 

(3.5.2) -> P,?^" ^ • • • Pf ^ ^ fc ^ 0. 

We claim that p^^^° is a free B-module for every i. It suffices to show that each 
A[—v, —w]'^"-'^ is either or a shift of B. It is clear from the definition that 

A[-v, 

So the trivial _B-module k has a finite free resolution, and B has finite global dimen- 
sion. By (a) and [AZi Corollary 8.4], B satisfies the x-condition. Since Ext 'p(fc, B)j 
is finite dimensional for all j, and the x-condition implies that Ext 'p(fc, B)j is 
bounded, then it follows that Ext ^ffc, B) is finite dimensional. From [Zl Theo- 
rem 1.2] it then follows that B satisfies the Artin-Schelter Gorenstein condition, 
and hence B is regular. Clearly i? is a domain. 

Next we study the Hilbert series of B. Let HB{t) — a(i)~^ ^'^'^ Hc{s) — b{s)^^ . 
By Lemma lOl c). there are p{t,s) and q{t,s) such that a{t)p{t,s) — e{t,s) and 
b{s)q{t,s) = e{t,s). Set t = s, we have e(i,t) = (1 - t)~". Then a{t) = (1 - t)" 
and b{s) = (1 — s)'' for some integers a, b, and e(i, s) = (1 — t)°'{l — s)''r{t, s). Since 
B is generated by to elements and C is generated by n — to elements, a — m and 
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b — n — m. Thus e(i, s) = (1 — — s)^ . Since the resolution (j3.5.1|) is Koszul, 
after converting to the Z-grading the resolution (|3.5.2|) is also Koszul. So the global 
dimension of B is m. Thus we have proved (b). 

(c) By (a) with m = 1, C = A/{bi), which has Hilbert series (1 - This 
implies that the Hilbert series of the ideal (6i) is t(l — Since ^ is a domain, 

the Hilbert series of biA and Abi are equal to t(l — t)~". Thus biA = = A6i, 
and bi is a normal element of A. Since A/{C>i) — b\ will not appear in any 

of the relations of A. Thus the number of the relations between bi and bj for j >2 
is n — 1. The only relations between bi and bj are relations that can be written as, 
for every j = 2, • • • , n, 

bjbi = bia{bj) 

for some (j{bj) E Ci. Since biC = Cbi, a extends to an algebra automorphism of 
C. Therefore ^ = C[6i; ct]. □ 

Lemma 3.6. Let g be a quasi-reflection described in Proposition 1 3. 3\f b ) . Then the 
order of g is 4 ^.nd £, — i- 

Proof. We have seen that this situation can occur (Example 12 .3r b') ) . If g has order 
4, then this is the only solution up to a permutation. We now assume the order of 
g is not 4 and produce a contradiction. 

Clearly the order of g is not 2. Hence the order of g is at least 6 and the order 
of ^ is not 4. If r := ^ aijbibj = is a relation of A, then after applying g we have 

gi'r) X! °-iJ^i^3 + C^(aii^i + 022^2) - ^^(012^162 + a2ib2bi) 
+£.C^{aiibibt + anbibi)) - ^(^(021^26^ + a.i2bib2)) = 0. 

i>3 i>3 

We obtain similar expressions for g^{r) for p ~ 0,1, 2, 3, 4, which gives rise a system 
of equations 

Yi + iefY2 + i-efYs + ^Yi + (-o°r5 = 
Yi + {eyY2 + {-e)'Y3 + + (-o'n = o 
Yi + {efY2 + i-e)^Y3 + eYi + (-o'n = o 

Yi + iefY2 + i-efYs + fYi + (-o'n = 

Y, + {efY2 + i-e)'Ys + eY, + (-o'n = o 

where Yi ^ J2i,j>3^ijbibj, Y2 = anbj + 0226^, ^3 = ai2fci^>2 + a2ib2bi, Y4 = 
Si>3(»ii^i^i + anbibi), and Y5 = Y,i>3i'^2ib2bi + ai26i&2)- It is easy to check that 
the determinant of the coefficients in the above system is nonzero when 7^ 1. 
Hence Yi = for all i = 1,2,3,4,5. This means that A is Z^-graded when we 
assign deg6i — deg62 = (1,0) and deg&i = (0, 1) for all i > 3. By Proposition 13. 51 
the subalgebra B generated by bi and 62 is a quantum polynomial ring. So B has 
only one relation. Let g' be the automorphism of B induced by g. By Lemma 12.61 
TrB{g,t) = p{t)TrA{g,t). Since 5 is a quasi-reflection, so is g'. It suffices to show 
there is no quasi-reflection g' of order larger than 4. The unique relation of B is 
either b^ + b"^ = or 61 &2 + '7&2^i = (for g 7^ 0), up to a hnear transformation. In 
both cases, Trsig' ,t) is easy to compute: 

If 6162 + g&2&i = 0, then Trsig'^t) = [{1 ~ ^t)il + ^t)]-\ 

If bl+bl^ 0, then Treig', t) ^ {1 + (^t^)-^ . 
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In each of these cases g' is not a quasi-reflection. Therefore the only possibihty 
is that the order of g is 4. □ 

Lemma 3.7. Let A be a graded domain generated by two elements. 

(a) // A has at least one quadratic relation, then A is a quantum polynomial 
ring, namely A is isomorphic to either kq[bi,b2] or A;j[6i, 62] . 

(b) If A is a quadratic algebra of finite GK-dimension, then A is a quantum 
polynomial ring. 

Proof, (a) Let r := ■ aijbibj = be one of the relations. Since A is a domain this 
relation is not a product of two linear terms. Then, possibly after a field extension, 
B := k{bi,b2}/{r) is a regular algebra of dimension 2 (see |StZl p. 1601]), and 
hence is isomorphic to either kq[bi,b2] or kj[bi,b2]. In either case, one can check 
that every homogeneous element in i? is a product of linear terms, and thus any 
proper graded factor ring of B will not be a domain. Therefore A = B. 

(b) Since A has finite GK-dimension, A cannot be a free algebra. So A has at 
least one quadratic relation, and the assertion follows from (a). □ 

Lemma 3.8. Let A be a quantum polynomial ring and let {bi, • • • , 5„} be a k-linear 
basis of Ai. Suppose g is in Autgr(A) such that 

g{bi) =ibi, 3(62) =C^2, g{f>j) ^C^bj, andg{bi) = h 

for all 3 < j < m and m < i. Suppose 7^ 1 and ^'^ 7^ 1. Let B be the 
subalgebra generated by bi and 62- Then B is a quantum polynomial ring and 
B = A/{bs,s>3). 

Proof. Since A is a quadratic algebra and ^ 1, the relations in A will be homo- 
geneous with respect to the grading 

deg(6i) = deg(62) = (1, 1), deg(6,) = (1, -1), and deg(6,) = (1,0) 

where 3 < j < m and m < i. Hence A is a Z^-graded algebra (different from the 
one in Lemma l3.4p . Any relation in B has degree (n, n), but any relations involving 
bg for s > 3 has degree (n, to) for m < n. Thus the canonical map 

B ^ A^ A/{bs;s> 3) 

is an isomorphism. Since _B is a quadratic domain of finite GK-dimension, by 
Lemma |3.7[ it is a quantum polynomial ring. □ 

Now we are ready to prove Theorem 13.11 

Proof of Theorem It remains to show that there is no quasi-reflection as de- 
scribed in Proposition I3.3r c.d). The proofs are very similar for cases (c) and (d), 
so we work on only case (c) . 

Suppose that g as described in Proposition I3.3r c) exists. Here ^ = ^6, and so 
7^ 1 and ^'^ 7^ 1, and the hypotheses of Lemma [3?8l are satisfied. Thus i3 is a 
quantum polynomial ring such that B = A/{bs, s > 3). When restricted to B, g is 
equal to £,IdB, and thus TrB{g, t) = {1 — ^t)"^. By Lemma [^751 

= Trsig,t) =pit)TrA{g,t)=p{t) ^^_^^J^^^_^,^^ . 

Since p(t) is a polynomial, we have 

p{t){l~£,tf^{l~tT-\l~i't), 
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which is impossible. □ 

If a quasi-reflection is as described in Theorem IS.lT a) , then it is hke a classical 
reflection. The quasi-reflection in Theorem 13. iT b) is very mysterious and deserves 
further study. The following deflnition seems sensible, at least for quantum poly- 
nomial rings. 

Definition 3.9. Let A be a quantum polynomial ring. 

(a) A quasi-reflection 5 of A is called reflection if is a reflection. 

(b) A quasi-reflection g of A is called mystic reflection if g\Ai is not a reflection. 

4. Mystic reflections of quantum polynomial rings 

In this section we focus on the mystic reflections of quantum polynomial rings. 
We will see that all mystic reflections are similar to the automorphism g in Example 

mb). 

First we state a lemma that we will use in this analysis; its proof is similar to 
that of Lemma l3.21 but there are many cases, and some require numerical approx- 
imations from Maple, and hence we state it without proof. Let be the primitive 
kth root of unity given by Cfe = e~ . 

Lemma 4.1. Consider the system 

n — Xi + X2 + ■ ■ ■ + Xn+4 

where n is a nonnegative integer and each xi is a root of unity not equal to 1 . Then 
< n < 4 and the solutions fall into the following cases: 

(1) If at least one Xi is equal to —1, then we are in the situation of Lemma \3.S\ 

(2) Ifxi+Xj — 0, then again we are in the situation of Lemma \3.Sl In particular 
if n ~ 0, then all solutions are of the form ^ — ^ + — /_t = for roots of 
unity ^ and 11. 

For the remainder suppose that neither (1) nor (2) holds. 

(3) Ifn — l, then the solutions are given by 

(a) (^6 + Cl ) + C(l + Cs + Cl ) — Ij where ^ is an arbitrary root of unity; 

(b) (Cio + C?o + C!o) + (Ci5 + C!,|) = i; 

(c) (Cio + C?o + a) + (Cf5 + C!l) = i; 

(d) (Cio + CJo + C?o) + (C?5 + cr5) = i; 

(e) (c?o + cJo + a) + (c?5+cM) = i- 

(4) Ifn = 2, then {(e + Cl) + (Cio + Cio + Cio + Cio) = 2 is the only solution. 

(5) If n ^ 3, then there is no solution. 

(6) Ifn — A, then 4(^6 + Cl) = 4 is the only solution. 

Next we classify the mystic reflections of a quantum polynomial ring. 

Lemma 4.2. Let g be a mystic reflection of a quantum polynomial ring A of global 
dimension n. Then the order of g is 4 OLi^d 

TrA{g,t) = TrA{g\t) = ^^—^^^^^^^ Tr^ig^t) ^ ^^—^-L^^. 

Proof. The order of 5 is 4 by Theorem 13. If b). By definition, 

1 
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From the proof of Proposition l3.3( b). ^ = — 1, and the formula for TrA{g, t) follows. 
The formula for TrA{g^, t) follows from Lemma [Ql 

Let {&i, 62, ■ ■ • , fen} be a basis for Ai as in Theorem 13. If b). and let V denote the 
subset {63, . . . , 6„}. From the quadratic term in the Maclaurin series expansion of 
TrA{g, t) we compute tr{g\A2) = {n^ — 3n + 4)/2. We compute ^^(51^12) directly by 
first noting that g{hl) = -hi, g{hl) = -6^, 5(6162) = 6162, 3(6261) 6261, 5(61 6^) = 
ihihj, g{bjbi) = ibjbi, g{b2bj) = -ib2bj, 3(6^62) = -ibjb2, and g{bebj) = b^bj for 
j > 3. It then follows that 

triaU,) = (-l)e + i\biV U y6i| + {-i)\b2V U 1^62! + (l)m 

where e = |{6?,6^}| and m = |{yFU6i62U626i}|. Hence |6iyuy6i| = I62FUF62I = 
d > n—2, since A is a domain. From the Hilbert series for the quasi-polynomial ring 
A we have |^2| = {n'^ + n)/2 = e + 2d+m, so that m = {n? + n)/2 — e—2d. Equating 
the two expressions for tr{g\A2) gives tr[g\A2) = (^l)e + m = {n^ — 3n + 4)/2; 
substituting for m and solving for d gives c? = n — 1 — e, for e = 1 or 2. Since e = 2 
gives a contradiction, we have e = 1 and d = n — 2. It follows that biV = I^6i, 
62!^ = ^^62, and h\ = 63, and computing directly we have tr{g'^\A2) = 1 ^ 2(n — 
2) + ((n2 + n)/2 - 2n + 3) = (n^ - 7n + 16)/2. 
We can write TrA{g'^,t) as 

^'^^^^''^^ " (l-i)'=(l-xit).-.(l-x„_fcO' 
where each Xi 7^ 1 is a root of unity, and for each Xi there is an Xi' — Tl [Lemma 
II. 4j . By Theorem lS.lT b). tr{g'^\Ai) = n — 4. Using the Maclaurin series expansion of 
TrA{g^, t) we have tr{g'^\Ai) — k+xi + - ■ ■+Xn-k so that a;i-|-- • ■+Xn-k = (n— /c) — 4 
with all Xi 1. We next consider each of the possible solutions for the Xi given by 
Lemma 13.21 and Lemma 14.11 and we compare the quadratic term of each possible 
trace function to (n^ — 7n+ 16)/2 to show that the only possibility is the one given 
in the statement of the theorem. 

First we consider the cases where (n — fc) — 4 is negative: i.e. n — A: = 0, 1, 2, 3. 
When n — k — then g^ is the identity, which it is not. If n — fc = 1 then 

^"■^^''^^ " (l-t)("-i)(l-a;it)' 

a series whose Maclaurin expansion has t coefficient n—l + xi^n — 4. Ifn— fc = 2 
then 

^'^^^''^^ " (l-i)("-2)(l_2;ii)(l-X2i)' 

and the t coefficient in the Maclaurin expansion is n — 2 + xi + X2, which is n — 4 
only if xi — X2 ~ —1, giving the Tr{g'^,t) that is in the statement of the theorem. 
If n — fc = 3 then the trace is 

^'^^^''^^ " {l-t)(^'-^){l-Xlt){l-X2t)il-Xst)- 

In the Maclaurin expansion of this series the t coefficient is n — 3 + xi + 2:2 + a;3; if 
this coefficient is n — 4, then we have —xi — a;2 — ^3 = 1, in contradiction to Lemma 
3.1, unless some is —1, in which case the trace is 

1 



Tr{g\t)^ 



(l_t)(n-3)(l+t)(l_^2^2)- 
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This series has Maclaurin expansion with coefficient (n^ — 7n)/2 + (7 + C^), which 
is {n^ — In)/ 2 + 8 only when C = — 1, again the form we are trying to prove. 

Next suppose that at least one of the a;^ = — 1, so without loss of generality we 
assume Xn-k = —1- Then 

xi H h Xn-k-i = (n- k) -3 

and by Lemma 13.21 we have either (a) n — fc — 3 = and xi = and X2 — — C for 
C 7^ ±1 a root of unity, and the trace is 



(l-t)(»-3)(l-C<)(l + a)(l+t)^ 

or (b) n — fc — 3 = 2 and 2{(q + (^|) = 2 and the trace is 

1 



(l-i)("-5)(l-C6i)2(l-C|t)2(l + i)- 



In the first case the coefficient of the quadratic term is (n^ — 7n)/2 + 7 + C^, and 
in the second case it is (n^ — 7n)/2 + 5. Hence we may assume 

xi + X2 + ■ ■ ■ + Xn-k — {n — k) — A 

and Xi ±1. 

Next suppose that Xj+xe = = (^ — ( for some j, £. This places us again in 
the situation of Lemma [3.21 and we have either (a) n — k — i = and xi = and 
X2 = — C'j ^iid the trace is 



(1 - - ct){i + ct){i - C'0(i + Q'i) 

or (b) n — fc — 4 = 2 and 
TTA{g^,t)^ 



(1 _ t)(n-6)(l _ ^gi)2(l _ ^5^)2(1 _ + (-i) • 

In the first case the coefficient of the quadratic term in the Maclaurin expansion 
is {v? — In) 1 2 + 6 + + {C^Y (which is correct only when C, and are ±1, cases 
already considered), and in the second case it is (r? — In)/ 2 + 10 + (for which 
no root of unity provides the correct value). 
Next suppose that n — A; = 4, so that 

Xi + X2 + X^ + Xi — 0, 

which by multiplying by x^^ reduces to a case handled by Lemma 13.21 and the only 
solution is 

C - C + C - C = 0, 

a case handled above. 

Next we suppose that n—k = 5, and we are in the setting of Lemma HTT 3) with 
xi + • • • + X5 = 1. Then 

^'^^^^''^^ " (1 - t)("-5)(l - X^t){l - X2t){l - X3t){l - Xit){l - X5t) ' 
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whose Maclaurin series when xi + • • •+a;5 — 1 begins l + 4)<+(n^/2 — 7n/2+c)i^ 
where 

c = 5 + a;i(a;i + a:;2 + .T3 + 0:4 + x^) + X2{x2 + 2:3 + a;4 + 2:5) 
+ xz(xz + 2:4 + a^s) + a;4(x4 + xs) + x\ 
= 5 + xi + 2:2 - a;ia;2 + 2:3 - X\Xj, - X2X3 + xl + X4X5 + Xg. 

We will show that in all five cases c 7^ 8 so that TrA{g'^,t) cannot have n — k = 5. 
In case (a) xi = Ce,X2 = Cli^s = Ci ^4 = ((3^X5 = CCl for a-n arbitrary ^, and we 
compute that c — 5. In case (b) xi = CiOj 2:2 = Cioi ^3 = Cic ^4 = Ci5i ^5 = Cis j 
we compute c = 5 + Cio- In case (c) xi = Cio,X2 = Cw^^s = Cio^^i = C15: 2:5 = Cif 
and we compute c = 6. In case (d) xi = Cio, 2:2 = Cio; ^3 = Cio; ^4 = C151 2:5 = C15 
and we compute c = 5 + Cio- In case (e) xi — (101X2 = CIq, 2:3 — Cio ; 2:4 = C157 2^5 — 
Cil and we compute c = 5 — Cio ■ 

Next we suppose that n — k = 6 and then we are in the setting of Lemma |4?1T 4') 
with 2;i + • • • + 2;6 = 2 and 

^'^^^''^^ ^ (1 - - cet){i - am - cioO(i - dom - ciom - a) ' 

whose Maclaurin series begins 1 + (n - 4)i + (n2/2 - 7n/2 + c)t^ where 

c = 15 - 6(C6 + Cl + Ci'o + Ci'o + Ci'o) + (1 + Cl + C6) + 

2(1 - Cio + Cio - Ci'o + Cio) + (C6 + C|)(Cio + Ci'o + Ci'o + C?o) 
==15 -12 + + 0+1=47^ 8, 

so n — fc 7^ 6. 

There is no solution if ?i — fc = 7 by Lemma inT 5). so the last case is n — fc 8, 
and 

TrAig^t) = (i_^)(„-8)(l_^gi)4(l_^5i)4' 

which has Maclaurin series with quadratic coefficient n^/2 — 7n/2 + 2, so this case 
is also eliminated. 

Hence we have shown that 

□ 



Here is a partial converse of Theorem 12.41 for mystic reflections. 

Proposition 4.3. Let A be a quantum polynomial ring of global dimension n and 
let g be a mystic reflection. 

(a) There is a basis of Ai, say {&i,t'2,''' ,bn} such that g{bi) — ibi, g(&2) = 
—162, and g{bj) = bj for all j > 3. 

(b) AS is regular and HAo{t) = [(1 - _ t2)2]-i^ 

(c) The subalgebra generated by bi and 62 is a quantum polynomial ring subject 
to one relation b\ + c6| = for some nonzero scalar c. This subalgebra is 
also isomorphic to k-i[x,y]. 

(d) bi is a normal element of A. 
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Proof, (a) Follows from Theorem 13. iT b) and the definition of mystic reflection. 

(b,c,d) For the rest of the proof, let G be the group Z/(4) and let kG be the 
group algebra. Define four elements in kG as follows: 



It is well-known (and easy to check) that {/i, /2, /s, f^} is a complete set of orthog- 
onal idempotents of kG. Further 

3/1 = /i, 5/2^-/2, gh^~ih, gh^ifi. 
Since g has order 4, the eigenvalues of g are 1, — 1, z and —i. Let 

= {xeA\ g{x) =x} = A^, 
A^ = {x e A \ g{x) = -x}, 
A^ = {x <E A \ g{x) = -ix}, 

= {x e A \ g{x) = ix}. 

Then A = A"^ (B A^ (B A^ ® A"^ as A'^-bimodules. Viewing fj as a projection from A 
to fjA^ we see that A^ — fjA and the decomposition of A corresponds to the fact 
that 1 = /i + /2 + /a + /4- Since each fj is a projection, we have 



Since the trace function is additive, we can compute all TrA{fi,t). For example, 



h 



-(1+5+5' + .9'), 

i(l-5 + 5'-5'), 
\{l + ig- g'^ -ig^), 
-^{l^ig-g^ +ig''). 



HA,{t) = Hf.A{t)=TrA{fj,t). 



TrA{fi,t) = -iY^TrAig^t)) 




(l-t)"-2(l+t)2 (l-^)"-l(l+t) 



1 (l+t)^ + 2(l-t^) + (l-t)^ 

4 (l-t)"(l + f)2 

1 4 1 



4 (1 - i)"(l + i)2 (1 - i)«(l + f)2 ■ 



The second assertion of (b) follows because 



HAo{t) = HA^{t)=TrA{fi,t) 



1 
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Similarly we have 

HA2it)^TrAif2,t) 
HA3{t)^TrAih,t) 

By (a), bi ^ A^. Since A is a domain, 





(1- 


-t)"(U 






t 




(1 


-t)"(n 


-tf 




t 




(1 


-t)"(U 






1 




(1 




f <)2 



Since hiA'^ C A'' and A'~^bi C A"', wc conclude that 

In a similar way one can show that 

A^ = b2A^ = A^b2 

and 

A^ = bjA'^ = A'^bl = blA'^ = 

Therefore A is a free A'^-module of rank 4 on the left and on the right. By Lemma 
ll.lOf a.c). A^ is regular. Thus we have proved (b). 

Since both b\ and b\ are in A^ and since the dimension of the degree 2 part of 
A^ is 1, b\ and b\ are linearly dependent. Since A is a domain, both are nonzero. 
Thus there is a nonzero scalar c such that b\ + cb"^ = 0. Changing &2 by a scalar 
multiple, we have b\ — b\ = 0. By Lemma I3.7f a) the subalgebra generated by 6i 
and 62 is a quantum polynomial ring. Clearly fc(5i, b2) /{b\ — 63) — y]i so we 

have proved (c). 

Since biA'^ = A'^bi then b\A'~' = 74*^61. Since 6^ = 63, then 6^ commutes with 
62- Therefore 5f is a normal element in A. This is (d). □ 

Example 4.4. Let B be the quantum algebra generated by 61 and 62 subject to 
one relation 6f — 62 = 0. Let ^ be the iterated Ore extension of S, ^[63; r][64; r', 5], 
where the automorphism t is determined by 

T{bi) = -bi,T(b2) = 62, 

the automorphism t' is determined by 

T'{bi) = -bi,T'{b2) = b2, and r'(63) = 63, 
and the r'-derivation (5 is determined by 

6{bi) = ,5(52) = 0, and (5(63) = 6162 + 6261. 
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Then A is a quantum polynomial ring generated by 61, 62, 63,^4, subject to the 
following relations 

bibs + bsbi = 
hbs - bsh = 
61&4 + hh = 

62^4 — ^4^2 = 

6364 - ^4^3 = bib2 + &2&1- 

Since any graded Ore extension of a regular algebra is regular, A is regular. Also the 
Ore extension preserves the following properties: being a domain, being noetherian, 
and having Hilbert series of the form (1 — Thus A is a quantum polynomial 

ring. 

(a) By a direct computation, A does not have a normal element in degree 1, so 
there is no normal element in A>i/Ayj^. But bf is a normal element of A. 

(b) Let g be a graded algebra automorphism of A determined by 

5(61) = 161,51(62) = -162,3(63) = 63,3(64) = 64. 
By using a /c-linear basis of A, 

{(6261)^6^6^6^ \ .s,u,v,w> 0}U {61(6261)^6^6^6^ \s,u,v,w> 0}, 
one can easily verify that 

Therefore 3 is a mystic reflection. 

(c) The fixed subring C := A^ is generated by 63, 64 and z := 6162 subject to the 
following relations: 

2:63 + 63Z = 

Z64 + 64Z = 
6^64 - 646^ = 
^36! - 6^63 = 0. 

This algebra is regular of global dimension 4. Since z is normal in C, then there is 
a normal element in C>i/C>]^. 

Remark 4.5. When A is a quantum polynomial ring, we have proved that there 
is only one kind of mystic reflection: those described in this section. We expect 
that, when A is a noetherian regular algebra of higher global dimension (but not a 
quantum polynomial ring), other mystic reflections exist. 

5. A PARTIAL Shephard-Todd-Chevalley Theorem 

In this section we prove a simple noncommutative generalization of the Shephard- 
Todd-Chevalley Theorem. The following lemma is a kind of converse of Theorem 
ETa). 

Lemma 5.1. Let A be a quantum polynomial ring with graded algebra automor- 
phism g (not necessarily of finite order). Suppose g\Ai is a reflection of order not 
equal to 2. Then: 
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(a) There is a basis of A, say {bi, • • • , bn}, such that g{bi) — ^61 and g{bj) ~ bj 
for all j > 1 and ^ 7^ — 1. 

(b) A = C[bi;a] where C is a quantum polynomial ring generated by bj for all 
J > 1. 

(c) g is a quasi- reflection. 

(d) A^ is regular. 

Proof, (a) This is clear by the definition of reflection of Ai. 

(b) Since all the relations of A are quadratic, and the order of f is not 2, A 
becomes Z^-graded after we assign deg 61 = (1, 0) and deg bj = (0, 1) for all j > 2. 
The assertion follows from Proposition 13. Sf c). 

(c) Since g(&i) = ^^1 and A = a] = Y.^>o b\C, 

TrA{g,t) = Y^Trc{g,t) = ^^—^-1^^. 

Hence 5 is a quasi-reflection. 

(d) It is clear that A^ = C[6^; a™] if the order of 5 is w < 00, or = C if the 
order of g is infinite. □ 

Lemma 5.2. Let A be a quantum polynomial ring with GKdimyl > land let G be 
a finite subgroup of Autgr (A) . 

(a) IfG contains a quasi-reflection of order not equal to 2 or 4, then A ^ C'[b] a] . 

(b) Suppose that A^ has finite global dimension (and then A^ is regular). If 
the order of G is odd, then A ^ G\b] a\. 

(c) Suppose that A^ has finite global dimension (and then A^ is regular). If 
\G\ — 4m for some m > 1 and G does not contain any reflections, then G 
contains at least 4 mystic reflections. 

(d) If g is a reflection of order 2, then A^ is regular and A has a normal element 
in degree 1. 

(e) IfG contains a reflection of order 2, then A has a normal element in degree 
1. 

Note that a quantum polynomial ring of GKdim < 1 is either k or k[x]. Both of 
them are commutative and the classical Shcphard-Todd-Chevalley theorem applies. 

Proof of Lemma [57B . (a) Let g he a quasi-reflection of order not equal to 2 or 4. 
By Theorem 13.11 g is a reflection, namely, g\Ai is a reflection, and the assertion 
follows from Lemma l5. II 

(b) By Theorem [23] G always contains a quasi-reflection g. Then the order of 5 
is not 2 or 4, and the assertion follows from (a). 

(c) If 5 is a mystic reflection, so is g^. So the number of mystic reflections is 
even. Assume there is no reflection and that there are only 2 mystic reflections. 

Let H^Git) = [(1 - where q{l) ^ 0. By Theorem [13i;b), degq(i) is 

equal to the number of quasi-reflections, which is 2. Since the roots of q{t) are all 
roots of unity and the coefflcients of q{t) are non-negative integers, q{l) < 4. So 
\G\ =4, a contradiction. 

(d) Let (7 be a reflection of A of order 2. So there is a basis of Ai, say {61, • • • , 6„} 
such that g{bi) = —bi and g{bj) = bj for all j > 2. 

Let A+ = {x G A \ g{x) = x} and A^ = {x G A \ g{x) = -x}. Then A+ = A^ 
and A — © A~ as A^-bimodules. Since g is a quasi-reflection, TrA{g,t) — 
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[(1 - + t)]-^. Using Molien's theorem, 

and hence 

1 1 t 



HA-{t)=HA{t)-HA.{t)= (l-t)n-l(l-t2) (l_t)n-l(l_i2)- 

Since 6i £ , both and ^ffci are subspaces of . Since A is a domain, 

This imphes that feiA^ = A^^i = A". Recall that 6^ G for all j > 2; so fei is 
normal. Hence A is a free module over A^ on both sides. By Lemma Fl . lOf a-c) . A^ 
is regular. 

(e) Follows from (d). □ 



Now we are ready to prove Theorem 10.51 

Theorem 5.3. Let A he a quantum polynomial ring and let g be a graded algebra 
automorphism of A of finite order. 

(a) If g is a quasi-reflection, then the fixed subring A^ is regular. 

(b) Suppose the order of g is p™ for some prime p and some integer m. If the 
fixed subring A^ has finite global dimension, then g is a quasi-reflection. 

Proof, (a) If 5 is a mystic reflection, the assertion follows from Proposition 14. Sf a). 
Now let g he a, reflection. If the order of g is 2, this follows from Lemma IST^ d). If 
the order of g is larger than 2, the assertion follows from Lemma lOT d). 

(b) Suppose A^ is regular. We use induction on m. First assume m=l. By 
Theorem 12.41 G :— (g) contains a quasi-reflection (and hence a reflection since 
p 4). Since p is prime, g is a power of g*. By Lemma ll. 41 g is a quasi-rcflcction 
if and only if g^ is. So we are done. 

Now we assume the order of g is p'" for m > 2. By Theorem 12. 4[ G contains a 
quasi-reflection, say for some i. If is a mystic reflection, then the order of g^ 
is 4, and hence p — 2. There are at most two elements in G of order 4. By Lemma 
I5.2r c). the order of G is 4. Hence « = 1 or 3, and 5 is a mystic reflection, and hence 
a quasi-reflection, completing the argument. 

As the above paragraph showed, there are at most 2 mystic reflections in G since 
there are at most two elements of order 4. Similarly, there is at most one element 
of order 2 in G. Further, if G contains a mystic reflection, then the element of order 
2 is not a quasi-reflection by Lemma l4.2l If G contains only one quasi-reflection g, 
then g — g~^ since g^^ is also a quasi-reflection by Lemma [1.41 Thus \G\ = 2 and 
this case has been taken care of when m = 1. 

Now suppose that we are not in the cases discussed in the above two paragraphs; 
then G contains a reflection h of order not equal to 2. Without loss of generality 
we may write this element as h := g^ for some w < m. So the order of h is p™""". 
If If = 0, then we are done. Hence we assume that w > 0. Let {61, • • • , 6„} be a 
basis of Ai such that g{bj) ~ £^jbj for all j; further let h{bi) ~ £,bi and h{bj) = bj 

for all j > 2. Clearly, ^ = £,f ■ Since the order of <^ is equal to the order of h, 
which is p™^"", the order of ^1 is p™. By Lemma IS.lf a.b). A = G[bi;a]. Let 
A' ^ A'^ ^ G[b{" ™; cr^'""™]. Then the G action on A induces a G" G/(/i) action 
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on A'. Reassigning the degree as degbi = 1, ^' is a quantum polynomial ring. 
It is clear that A'~^ = A"~^ . Since w > 0, G' is generated by g' := g{h) E G' of order 
which is less than p™. Since is regular, by induction g' is a quasi-reflection. 
Finally we have two cases to deal with. First we assume that g' is not a reflection 
of A' . Then it is a mystic reflection of A' . So — 2^ . By the choice of {hj} we 
have 

Without loss of generality we only consider the +i case since the — i case is similar. 
Up to a permutation we have g'(&2) = gQ)2) — ~ib2 and g'{bj) — g{bj) — bj for all 
j > 3. By Proposition 11311c), (5^™ )^ = c6| for some nonzero scalar c, but this is 
impossible in A. This leaves us the second and the last case: g' is a reflection of 
A'. By the choice of {bj}, we have 

and g'{bj) = .9(fej) = £,jbj for all j > 2. By the definition of reflection, we conclude 
that S^j — 1 for all j > 2. Therefore g is a reflection. □ 

Finally we give an example showing that a reflection of order 2 does exist for 
some A not isomorphic to C[bi; a]. 

Example 5.4. Let A be the Rees ring of the first Weyl algebra with respect to the 
standard filtration. So A is generated by x,y and z subject to the relations 

xy — yx — , z is central. 

Let g be the automorphism of A determined by 

g{x) ^ x,g{y) = y, and g{z) = -z. 

Then g is of order 2. Since z is central, it is easy to check that Trj^(g,t) = 
[(1 — + 1)]^^. Hence g is a quasi-reflection and g\Ai is a reflection. So 5 is a 
reflection in the sense of Definition 13.91 

(a) A^ is regular by Theorem l5.3( a). 

(b) We claim that A C[b; a]. Suppose A — C[b;a], then it is easy to check that 
z (up to a scalar) is the only normal element in degree 1. Thus b = z and G = A/ (z) 
is commutative. Since b = z is central, then A is commutative, a contradiction. 
Thus A ^C[b; a]. 

(c) The regular fixed subring A^ is generated by x and y, and is isomorphic to 
U{L), where L is the Lie algebra kx + ky + kw where w = z'^ = [a;, y]. Hence the 
fixed subring A^ is a regular ring that is different than A. We note that U{L) is a 
two-generated regular ring of dimension 3, hence Proposition 16.41 will show that it 
does not have any quasi-reflections of finite order, so it is rigid. Hence U{L) can 
be a fixed subring of a regular ring, but it cannot be the fixed subring of a finite 
group acting on itself. 

We will examine the Rees ring of An{k) in the next section [Proposition 16 . 71 and 
Corollary EJ]. 

6. Rigidity theorems 

In this section we prove the rigidity theorems 10.11 and 10.21 stated in the introduc- 
tion. 
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Lemma 6.1. Let A be a noetherian regular algebra. Suppose A has no quasi- 
reflection of finite order. Then: 

(a) For every finite group G C Autgr(A), A^ has infinite global dimension. 

(b) For every finite group G C Autgr(A), A'^ is not isomorphic to A. 

Proof, (a) This is Theorem O 

(b) If A'^ is isomorphic to A, then A'~^ has finite global dimension, and so the 
assertion follows from (a). □ 

Theorem 6.2. Let A be a quantum polynomial ring. Suppose that one of the 
following condition holds. 

(a) A has no element b of degree 1 such that b^ is normal in A. 

(b) A has no normal element in degree 1, and no subalgebra isomorphic to 

fc_l[&l,62]. 

Then the following conditions hold. 

(i) A has no quasi- reflection of finite order. 

(ii) For every finite group G C Autgr(A), A'^ has infinite global dimension. 

(iii) For every finite group G C Autgr(A), A'^ is not isomorphic to A. 

Proof. By Lemma |6. II we only need to show (i). So we consider the two cases. 

(a) If A has a reflection of finite order, then by Lemmas IS.lf b) and I5.2r e). A 
has a normal element b in degree 1. Then b^ is normal, a contradiction. If A has 
a mystic refiection, by Proposition I4.3f d). b^ is normal, a contradiction. So the 
assertion (i) follows. 

(b) As in case (a), if A has a refiection of finite order, A has a normal element b 
in degree 1. This is a contradiction. If A has a mystic reflection, A has a subalgebra 
isomorphic to fc-i [61,62] by Proposition 14. Sf c). □ 

Corollary 6.3. Let S be a non-PI Sklyanin algebra of global dimension n > 3. 
Then S has no quasi- reflection of finite order. As a consequence, S'^ is not regular, 
and so S is not isomorphic to S^ , for any non-trivial finite group G of graded 
algebra automorphisms. 

Proof. By Theorem 16.21 it suffices to check that S has no element b in degree 1 such 
that b^ is normal. 

Associated to S there is a triple {E, a, C) where E C P"^i is an elliptic curve of 
degree n, C is an invertible line bundle over E of degree n and a is an automorphism 
of E induced by the translation. The basic properties of S can be found in [ATVl] 
for n — 2>, [SmSt] for n — 4, and TV] for n > 5. Associated to {E,a,£) one can 
construct the twisted homogeneous coordinate ring, denoted by B{E,a,C). Then 
there is a canonical surjection 

(j) : S-> B{E,(j,C) =: B 

such that becomes an isomorphism when restricted to degree 1 piece. This state- 
ment was proved by Tate- Van den Bergh [TV[ (4.3)] for n > 5, by Smith-Stafford 
[SmSti Lemma 3.3] for n = 4 and by Artin-Tate-Van den Bergh [ATVli Section 6] 
for n = 3. If 5 is non-PI, then a has infinite order. Hence B is so-called projectively 
simple [RRZj . which means that any proper factor ring of B is finite dimensional. 
Also note that the GK-dimension of i? is 2. 

Suppose that there is a 6 € 5 of degree 1, such that b^ is normal. Let b — (j){b) e 
B. Since (f) is an isomorphism in degree 1, 6 7^ 0. Now a basic property of B is that 
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it is a domain. Hence Ir ^ 0, and since is normal, so is b^. Therefore B/{]r) is 
an infinite proper factor ring of B, which contradicts the fact that B is projectively 
simple. □ 



We note that an extensive calculation shows that Corollary 16.31 is also true for 
3 dimensional PI Sklyanin algebras, suggesting that the PI hypothesis may not be 
necessary. 

Next we give a class of regular rigid algebras that are not quasi-polynomial rings. 

Proposition 6.4. Let A be a noetherian regular algebra of global dimension 3 that 
is generated by two elements in degree 1. Then A has no quasi-reflection of finite 
order, and hence no regular fixed subrings A^ for G a finite group. 

Proof. By the Artin-Schelter classification [ASc| . the Hilbert series of A is 

HA{t) ^ 



{i-tni-t^y 

In particular, A has GK-dimension 3 and has two relations of degree 3. Let g be a 
possible quasi-reflection of A of finite order. Then the trace of g is 

1 



TrA{g,t) = 



(i-t)2(i-Cii)(i-6i) 

where and ^2 are roots of unity by Lemma ILOf d) . 

Let {61,62} be a basis of A such that g{bi) = Xibi for i = 1,2, where Xi and X2 
are root of unity. Comparing the coefficients of t in the Maclaurin series expansion 
of Tryi{g,t), we obtain that 

tr{g\A,) = Xi a;2 - 1 + 1 + Ci + 6- 



By Lemma 13.21 there are three solutions: 
Solution 1: £,1 — ^2 — xi — -~X2. 

Solution 2: ^1 — —1, xi = 1, ^2 = X2 up to a permutation. 
Solution 3: {xi,X2, -^1, -■^2} = {Ce, Ce, Cl' ClI up to a permutation. 
Next we show that each of these is impossible. 

Solution 1: Since ^1 = £,2 = —1, ^''(ffUa) = 2. The eigenvalues of g\A2 are xl 
with eigenspace kbf + kb"^ and —x\ with eigenspace ^6162 -I- kb2bi. So tr{g\A2) — 0, 
a contradiction. 

Solution 2: Since ^1 = —1 and ^2 = X2, tr{g\A2) = 2 -f a;2 -t- x\. Applying g to 
the space A2, we see that tr[g\A2) ~ 1 + 2x2 + x\. Hence X2 = 1. This is impossible 
since g is not the identity. 

Solution 3: If Xi = X2, then TrA{g,t) — HA^xit) which shows that g is not a 
quasi-reflection. Hence xi ^ X2. Up to a permutation we may assume x\ — —^1 — 
Ce and X2 = — = Cl- Expanding TrA{g,t), we have 

Consequently, tr{g\A3) — 2. Now consider g\A3- The eigenvalues of gj^g are either 
CI = (CI)'), Ce or C|. So we have 

2 = tr{g\A3) = "-i(-l) + «2Ce +"3^, "-i,"-2,".3 > 
where rti -f 712 + ?^3 = 6 is the diniAs. But this is impossible. □ 
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Proposition 16.41 applies to a noetherian graded down- up algebra A — A{a,P,0), 
where (3^0 (see |BR| IKMP] ). This algebra is generated by d,u subject to the two 
relations: 

du^ — audu + f3u^ d and d^ u — adud + j3ud^ . 

It is a noetherian regular algebra of global dimension 3, and so by the above propo- 
sition, A has no quasi-reflection of finite order. 

Let be a Lie algebra finite dimensional over k with Lie bracket [ , ]. Let 
{hi,-- - ,6„} be a fc-linear basis of q. The homogenization of [/(g), denoted by 
H{q), is defined to be its Rees ring with respect to the standard filtration of U[q). 
It is a connected graded algebra generated by the vector space q + kz subject to 
the relations 

hiZ — zbi and bibj — bjbi — [6^, bj\z 
for all To distinguish it from the Lie product, we use \x, y\ to denote xy — yx 
in an algebra. Then the relations of H{q) can be written as 

[6i,zJ =0, and \bi,b.j\ = [bi,bj\z. 

It is well-known that H{q) is a quantum polynomial ring of dimension n + 1 [Sm21 
§12]. By definition, z is a central element such that H{g)/{z — 1) = U{q) and that 
H{0)/{z) - fc[0]- 

Lemma 6.5. Let q he a finite dimensional Lie algebra with no 1-dimensional Lie 
ideal, and let H = H{g). Then: 

(a) Up to a scalar, z is the only nonzero normal element of H in degree 1. 

(b) Up to a scalar, z is the only normal element in H—k such that H/(z) = k[Q\. 

(c) H ^ C[b; a] as graded rings. 

(d) H does not have any quasi-reflection of finite order. 

(e) Suppose that g' is another Lie algebra with no 1-dimensional Lie ideal. If 
H = His') ols ungraded algebras, then Q = q' as Lie algebras. 

Proof, (a) Suppose there is another normal element in degree 1. We may write it 
as 6 -f for some 7^ 5 G g and some ^ £ k. Since 6 + is normal, for every 
^ X £ g, there are elements y £ g and ^' e fc such that 

(6.5.1) x{b + £,z)^{b + ^z){y + ^'z). 

Modulo z we have xb — by in fc[g], and hence y ^ x. Thus (|6.5.ip implies that 

(b + ^z)e,'z ^ \x,b + ^zj = \x, b\ = [x, b]z. 

This implies that [x, b] — ^'b. Since x is arbitrary, kb is a 1-dimensional Lie ideal. 
This yields a contradiction. 

(b) Let w G H — k he another normal element in H such that H/{w) ^ 
Then \_H, H\ C wH = Hw. Consequently, 

[9,0]z = Lfl-flJ C wH. 
Since g has no 1-dimensional Lie ideal, the Lie ideal [g, g] must have dimension at 
least 2. Pick two linearly independent elements 61,62 € [g,g], we have 6iz,62Z e 
wH. Write 6iz = ciw and 62Z = C2W. Since if is a domain, degc; -I- degw = 
deg6iz — 2. Since 61 and 62 are linearly independent, the degree of w cannot be 2. 
Hence degw = 1. A simple calculation shows that w = z up to a scalar. 

(c) By (a), z is the only normal element in degree 1. li H ^ C[b;a], then b 
must be z and a — Idc. In this case C — H/{b) ~ H/{z), which is isomorphic 
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to the commutative polynomial ring. Therefore H = C[b; a] is commutative, a 
contradiction. 

(d) Suppose 5 is a quasi-reflection. If </ is a reflection of order larger than 2, by 
Lemma ISTT b). H = C[6;cr]. This is impossible by (c). 

If g is a reflection of order 2, by the proof of Lemma [5?2ld) , there is a basis of 
Hi, {b, ci, • • • , c„}, so that 6 is a normal element of H and g{b) = —b and g{ci) ~ Ci 
for all i. By (a), z is the only normal element in degree 1. Hence 

b = z, Q = b, + ^iZ 

for a basis {bi} of g and for some e k. Now we compute g{\_Ci, Cj\ ) in two ways: 

g{lci,Cj\) = [g{ci),g{cj)\ = [ci,Cj\ = [bi + £,^z,bj + £,jz\ = lbi,bj\ = [b„bj]z 

and 

g{[c„Cj\) =g{[bi,bj]z) ^ g{[b,,bj])g{z) = {[bi,bj] + ^z){-z) 

for some ^ G fc. The only possible solution is ^ = and [bi,bj] = 0. But we can 
choose i,j such that [bi,bj] ^ 0, which yields a contradiction. 

Finally if g is a mystic reflection (of order 4), there there are two linearly in- 
dependent elements ci and C2 in Hi such that = C2 [Proposition I4.3r c)] . Since 
H/{z) is a commutative polynomial ring, ci — ±C2 in H/{z). Up to a scalar, we 
may assume ci — b + z and C2 = & + rz where & is a nonzero element in g and 
1 ^ T S fc. In this form, one can easily check that cf 7^ c| in iJ. Therefore H has 
no mystic reflection. 

(e) Let H' = H{2'). Let f : H ^ H' he an isomorphism of (ungraded) algebras. 
By (b), f{z) = for some nonzero scalar ^. There is an automorphism of the 
graded algebra H' sending ^z to z. So we can assume that f{z) = z. 

Let {61, • • • , bn} be a basis of g. For every j, write f{bj) = £,j+o'{bj) where £_j £ k 
and (j{bj) € -ff>i- We claim that z ^—^ z := u(z), bj <j{bj) defines an isomorphism 
from H to H' . First we show that a defines an algebra homomorphism, namely, a 
preserves the defining relations. Recall that the defining relations of H are 

[6j,zJ =0 and \bj,bf\ — [bj,bf]z. 

Since <y{z) = z is central in H' , we have \_a{bj), z\ = 0, namely, a preserves the first 
set of relations. Applying / to the second set of relations, we have 

V^^h)J{^s)\ = /([6„fo/])/(2) - !{\h.bs\)z. 

Since \H',H'\ C zg'iJ', /([&j,6/]) G ^H'. Hence cr([&j,6/]) = /([&j,6/]) after 
extending a linearly. Now 

Ya{b,),a{bf)\ - V!{h)-i,J{bs)-ii\ 

= V!{h)J{bs)\^!{\b,,bi\)z^a{\b,,b^\)a{z). 

Therefore a preserves the second set of the defining relations. Thus we have proved 
that a is an algebra homomorphism. Since {61, • • • ,bn, z} generates H and / is an 
isomorphism, then {/(61), • • • , /(&„), z} generates H' . Hence {ct(6i), • • • , cr(&„), z} 
generates H' also, and we have shown that a is an algebra isomorphism from H to 
H'. 

Note that a{H>i) C iJ>i- Since a is an isomorphism, a{H>i) = H'~^^. Since H 
is generated in degree 1, it has a natural filtration 

{F_,H := {H>iy = H>, I J e Z}. 
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The same is true for H' . Thus cr is a filtered isomorphism that induces a graded 
algebra isomorphism r := gr cr : H ~* gri?'. Since grH = H, t is a graded 
isomorphism from H to H' sending z to z. 

For every b £ q write r(6) = 0(6) + xib)^ where 0(6) G q' and x is a linear map 
from g to k. We claim that : g — > g' is a Lie algebra isomorphism. Since t{z) = z, 
(p is an isomorphism of fc-vector spaces. To show preserves the Lie product, we 
use the following direct computation: 

0([6„ 6/])z = Ti[b,,bf])z - x{[b,,bf])z^ = ri[b,,bf]z) - ^z' 

= T{lb,,bf\)-^z'^lTib,),T{bf)\-^z' 

= mb,)+x{b,)z,^{bf) + x{bf)z\-^z^ 

= [^ib,),^{bf)\ - = [0(6,), (b{bf)]z ~ ^z\ 

Thus 0([6j,6/]) = [0(6j),0(6/)] and ^ := x([^j,^/]) = 0- Therefore is a Lie 
algebra isomorphism from q to q' . □ 

Proof of Theorem \0.2\ (a). By Lemma IHTST d). H := H{g) does not have any quasi- 
reflections of finite order. By Theorem l2.4l for any finite group G C Autgi {H), 
does not have finite global dimension. Thus = H{g) implies that G is trivial. 
Since G — {1} then H{g) = H{g'), which implies g = g' by Lemma [6?5T e). □ 

Example 6.6. This example shows that the condition about non-existence of 1- 
dimensional Lie ideals in Theorem 10.21 is necessary. 

Let g be the 2-dimensional solvable Lie algebra kx + ky with [x,y] = y. Then 
ky is a 1-dimensional Lie ideal. The homogenization H{g) of U{g) is generated by 
X, y, z subject to the following relations 

xy — yx = yz, zx — xz, zy = yz. 

It is easy to see that H{q) is isomorphic to an Ore extension 2][?/; cr] where 
(y{x) — X + z and cr(z) = z. Let g be an automorphism of H{g) determined by 

g{x) = x,g{z) ^ z, and g{y) ^ -y. 

It is easy to see that g is a refiection of H{g). The fixed subring of i?(g) is isomorphic 
to k[x, z][y^; cr^]. There is an isomorphism : H{g) H{d)^ defined by 

(j) : x X, y I— > y^, z i-^ 2z. 

Finally let us consider the proof of Theorem 10.2( b) . Let A be the Rees ring 
of the Weyl algebra An{k) with respect to the standard filtration; then A is the 
algebra with generating set {xi,yi,z : i = l,2,...,n} subject to the relations 
Xiyi — yiXi = z^ for i = 1, 2, . . . , n, and with all other generators commuting. The 
algebra A is a regular domain of dimension 2n + 1 (Lei 3.6] with Hilbert series 
}ij^{t) = 1/(1 - t)2"+i. We first find the reflection groups of A. 

Proposition 6.7. Let A be the Rees ring of the Weyl algebra An{k). 

(a) If g is a quasi- reflection of A, then g is a reflection of the form g{xi) — 
Xi + fliZ, g{yi) = yi + biZ, and g{z) = —z for elements a^, bi € k. 

(b) If G is a finite group of graded automorphisms of A such that A'^ is regular, 
then G = {Id^g} for a reflection g. 
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Proof, (a) Let g be a quasi-reflection of A. Then 

Tr{g,t) 



(l_i)2„(i_^i) 

for some scalar ^. Since z is the only central element of degree 1, we must have 
that g{z) — Xz for some scalar A. 

Suppose that X ^ 1. Since (z) is invariant, g induces an automorphism g 
of A = A/{z). Since Tr^{g,t) = (1 - Xt)TrA{g,t) = (eg(i))"\ we have that 
Tr^icj, i) = (1 — i)^^", and g must be the identity on A = k[xi, yi,i = 1, 2, . . . , n]. 
Then g{xi) = Xi -\- aiZ,g{yi) = yi + b^z, and g{z) — Xz. In order that the relations 
of A are preserved by g it follows that = 1, so that g has the form stated. 

Now suppose that g{z) — z. If 5 is a reflection, then by Lemma [?TT] (b) and the 
proof of Lemma in^Id) there is a basis {61,62, . . . ,62ri+i} of A^ such that 5(61) = 
^61, g(6i) = hi for z > 2, and h\ is a normal element of A. Since there are no normal 
elements in A\ other than multiples of z, this cannot be, and hence there are no 
reflections with g(z) = z. 

Now suppose that 5 is a mystic reflection with g(z^ = z. Then by Proposition 
4.2 there is a basis {61,62, . . . ,62„+i} of A\ such that g{h\) — ih\,g{h2) = —162, 
17(6^) = hi for i > 3, and 6f is a normal element of A. Since multiples of z are the 
only elements of A\ which square to normal elements, we have shown that there 
are no mystic reflections of A. Hence (a) follows. 

(b) Suppose that G is a finite group of graded automorphisms of A such that 
A^ is regular. Then G must contain a quasi-reflection g\ by Theorem [231 Suppose 
that G contains another quasi-reflection 52 7^ <?i ■ By (a) these quasi-rcflcctions are 
reflections that can be represented on A\ by matrices 





-1 



I 

U -1 



where / is a 2n x 2n identity matrix and u ^ v 
product matrix 

/ 



V — u + 



1 



Then gig2 is represented by the 



which has infinite order. Hence G can contain exactly one quasi-reflection. Since 
is regular, its Hilbert series has the form 



HAo{t) = 



1 



(1 - <)2"+lg(t) 



where q{t) is a product of cyclotomic polynomials. By Theorem l2.5l fb). degq{t) is 
the number of quasi-reflections in G, and hence must be 1. Consequently q{t) = 
l + t. Also by Theorem [23i;b) q(l) = 2 = |G|. Thus G = {Id, g} for a reflection g. 
Note that A^ is regular by Theorem 15.31 (a). □ 



Corollary 6.8. Let A he the Rees ring of the Weyl algehra An{k). Then A is not 
isomorphic (as an ungraded algebra) to A^ for any finite group of graded automor- 
phisms. 



Proof. If A'-/ has infinite global dimension, then A^ ^ A. 
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If has finite global dimension, by Proposition 16 . 7r b) . G — {Id, g} for a reflec- 
tion g whose matrix on Ai is of the form 

" / " 

V -1 

for V = [ai,bi, . . . , an,bn]. A computation shows that ii Xi ^ Xi + and Yi = 
Hi + ior i = 1,2, . . . ,n, then A^ is generated by the set 

{^1, Yi,X2, Y2, ■ ■ ■ , Xn, Yn, z^} 

subject to the relations XiYi — YtXi = z"^ , with all other generators commuting. 
In particular, A^ is generated by 2n elements since = XiYi — YiXi. But A is 
(minimally) generated by 2n + 1 elements. Therefore A^ ^ A. □ 



7. Further questions 

The results we have obtained suggest that the invariant theory of Artin-Schelter 
regular rings merits further study. We conclude by describing a few directions that 
seem particularly interesting. 

Bi-reflections. In the case that A — k[xi, ■ ■ ■ , Xn] Kac and Watanabe [KW| and 
Gordeev [GJ independently proved that if A'~^ is a complete intersection and G 
is a finite subgroup of GLn{k), then G is generated by bi-reflections (elements 
such that rank(g — /) < 2). Following our generalization of reflections, a natural 
generalization of bi-reflection to a regular algebra A of dimension n is to call a 
graded automorphism g of A a, quasi-bi-reflection if its trace has the form: 

^"^(^'*)=(l-t)-Mi) 

where n is the GK-dimension of A and q{l) ^ 1. We have constructed some exam- 
ples that suggest that this is a reasonable definition (the fixed ring is a commutative 
complete intersection). As in the case of reflections, there are "mystic quasi-bi- 
reflections" (quasi-bi-reflections that are not bi-reflections of Ai). The notion of 
bi-reflection may be useful in determining the proper notion of a non-commutative 
complete intersection. 

Hopf actions. One can replace a finite group G acting on an Artin-Schelter algebra 
A by a semi-simple Hopf algebra H acting on A |Mon2| and study properties of 
A^ . We will report some results on this case in [KKZ2]. 

Quotient division algebras. When A is a Noetherian domain and G is a finite 
group of automorphisms of A, then G acts on Q{A), the quotient division ring of A. 
By |Monl[ Theorem 5.3] it is known that Q{A)^ = Q{A^). The classical Noether 
problem is to determine which linear finite group actions on k[xi,--- have 
rational fields of invariants, hence it is a natural question to determine conditions 
when Q{A)'^ = Q{A). Alev and Dumas have shown that if G is a linear finite 
abelian group of automorphisms of D„(C), the quotient division algebra of the 
Weyl algebra ^„(C), then D„(C)'^ = D„(C) [AUlj (and for any finite group with 
n = 1 [AD2] ). One could investigate similar questions for the quotient division 
algebras of Artin-Schelter regular algebras. 
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Example 7.1. Let A be the Jordan plane kj[x, y], the algebra generated by x and 
y with relation xy — yx — . We have noted that A is rigid, so that A'^ is never 
isomorphic to A for any non-trivial finite group of automorphisms. The quotient 
division algebra is 

Q{A) - Q{C{x,y-^)) - g(Ai(C)) = D,{C). 

Let G — (g) be the group of automorphisms generated by the automorphism of A 
given by g{x) = —x and g(i/) = —y. Notice that g induces an automorphism of 
C{x,y-^) = Ai(C), so that by [XD2] . 

Q{Af = Q{C{x,y-')f = Q(Ai(C)f = i^i(C). 

In this case we have Q{A)'~^ = Q{A) even though A^ is not isomorphic to A. 

For A — fc_i[x, y] and g the automorphism of A given by g{x) — —x and g{y) = ?/, 
the invariant subring A^ is the commutative polynomial ring k[x'^, y]. In this case 
Q{A)'^ = Q{A'~^) = k{x'^,y) is not isomorphic to Q{A). Unlike the commutative 
case, our more general notion of reflection groups means that even when G is a 
reflection group Q{A)'~^ need not be isomorphic to Q{A). 

This paper gives a number of algebras where A'^ is never isomorphic to A, so it 
would be interesting to determine (a) when Q{A)'~^ is isomorphic to Q{A), and (b) 
when Q{A)^ is isomorphic to Q{B) for an Artin-Schelter regular algebra B. 
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